Abstract. We develop a detailed formalism to photoconversion efficiency η of hydrogenated amorphous silicon ( a-Si:H ) based solar cells with a contact grid. This efficient three-dimensional model allows firstly optimization of the p i n    sandwich in terms of carrier mobilities, thickness of the layers, doping levels and others. Secondly, geometry of the grid fingers that conduct the photocurrent to the bus bars and ITO/SiO 2 layers has been optimized, and the effect of non-zero sun beam incidence angles has been included as well. The model allows optimization of the amorphous Si based solar cells in a wide range of key parameters.
Introduction
Thin film hydrogenated amorphous silicon ( a-Si:H ) is widely used for photovoltaic applications. Amorphous silicon-based solar cells (SC) are very promising because of low production cost, possibility of covering large uneven areas, and sufficiently high efficiency. In order to get the best possible performance of the a-Si:H solar cells, it is important to (i) produce a high quality amorphous films with p i n   junction, and (ii) optimize the films and solar cells in terms of their parameters such as, for instance, p-, i-and n-layer thicknesses, their doping levels, electron and hole mobilities μ n and μ p and their lifetime, resistance of p-, iand n-layers, contact grid geometry and parameters of the transparent conducting and antireflecting layers. In this paper, we propose a detailed theory of photoconversion in the structures of a-Si:H , taking into account the dependence of the efficiency of a sufficiently large number of physical parameters.
Model of an active region in the a-Si:H solar cell
In the case when no external (irradiation) excitation of electrons and holes in a system occurs and electron-hole recombination channels are totally absent, the following standard continuity equation for carriers in the system is valid:
where p is the particle concentration and I p -particle flux. If processes of generation and recombination of particles are taken into account, then Eq. 
for electrons, where g p and g n are the generation rates (g p = g n = g for generation by external irradiation, when each absorbed photon with an energy higher than band gap energy creates simultaneously an electron in the conduction band and a hole in the valence band), p 0 and n 0 are the equilibrium hole and electron concentrations in a system without external excitation,  p and  n are the hole and electron lifetimes, p j and n j are the densities of hole and electron currents, which in turn can be written as ( )
and ( )
where E is the electric field,  p(n) are the hole (electron) mobilities, D p(n) are the corresponding diffusion coefficients. Accounting for Einstein relation ( ) ( ) p n p n kT D e   and expressing electric field E in the system via potential  , E   , Eqs. (4) and (5) take up the following form:
and e n n y n D      i ,
where / y e kT   is the dimensionless potential energy of positive charge, / h p e  i j and / e n e  i j are the fluxes of positive charges, corresponding to movement of holes and electrons in the system. Substituting (6) and (7) into (2) and (3), we obtain at steady-state conditions (dp/dt = dn/dt = 0) in the case of one-dimensional system (which is the subject of our subsequent consideration) the following equations:
where
 is the electron diffusion length, z is the coordinate in the direction normal to structure surface. Further, by calculating short-circuit current in the system, we consider the active region of a-Si:H solar cell as being formed during its growth by two main layers (see Fig. 1 ), namely: i) doped p + -layer (with the layer thickness d p ) adjacent to the front surface and ii) more deep undoped (or slightly doped with donors) i(n)-layer with the layer thickness d. Besides, technological n + layer also is formed in practice at rear surface to have good rear contact properties, but its thickness d n is usually too small to influence the charge generation and collection, so in the first approximation it can be excluded from the consideration that concerns short-circuit current formation. Considering physical properties of the active a-Si:H region, it is convenient to divide this region into three physically different parts: I) p lies outside SCR region. In this region, excess holes form corresponding contribution into short-circuit current. III) Third layer is the SCR itself in the vicinity of z = d p . The thickness of SCR equals to z p + z n . At short-circuit current conditions, the band bending in SCR becomes practically the same as in dark conditions (i.e. when generation of mobile electrons and holes by external irradiation is turned off). For this reason, in the SCR rather high electric field exists, so the electrons and holes generated in this region are quickly separated from each other by the field, and in the first approximation their movement can be considered neglecting their recombination. Contrary, in layers I and II outside SCR region, the electric field is enough low in these conditions, so we can neglect it in the first approximation. It follows from the written above that a problem of short-circuit current collection in a-Si:H can be solved by separately considering the regions 0 < z < p
Short-circuit current collection from p + -region in a-Si:H layer
In the region I, where excess minor carriers (electrons) contribute to the short-circuit current, the equation (9) in diffusion approximation (drift terms are small enough as compared to the diffusion ones) takes up the following form:
( ) and excess electron concentration ( ) n z  are introduced to account for two possible independent polarizations of the incident light because in the case of its oblique incidence, when the angle of light incidence differs from zero, reflection and transmission coefficients for the light polarized in the plane of incidence (p-polarized portion of incident light) differ from those for light polarized in parallel to SC surface (s-polarized portion of incident light). In the generation term ( ) ( ) p s g z , all the contributions from the total spectrum of the incident light are present, so generally it is not monochromatic. However, in linear approximation, the problem can be considered separately for each constituting (monochromatic) part of the total spectrum inherent to incident irradiation, and total concentrations as well as short-circuit currents can be found by summing the contributions from the constituting parts of the spectrum. For this reason, we consider further a particular case of monochromatic irradiation with the wavelength .
Uniform solution of Eq. (10), to which zero righthand part of the equation corresponds, can be expressed as
of Eq. (10) is a sum of the uniform solution and the partial one, defined by the generation term in the righthand side of the equation. If possible multiple internal reflections of the light transmitted into a-Si:H layer from a-Si:H layer boundaries are taken into account, then the generation term
where   is the absorption coefficient of a-Si:H material at the wavelength , m -relative metallization of the front surface by finger electrodes (the part of the front SC surface, which is covered by the electrodes, produces corresponding shade in active region),
 -irradiating light intensity at the wavelength . For simplicity, we denote by indices 1 to 5 all optically different media, which determine the incident irradiation transmission and reflection (see Fig. 1 In accordance with the explicit form of generation term (11) , general solution of Eq. (10) takes up the following form: 
First boundary condition can be written in the form of standard balance equation for excess electron fluxes through front a-Si:H surface (interface) at z = 0 (see Fig. 1 ):
where S 0 is the surface recombination rate for electrons. To obtain the second boundary condition at
we consider SCR region neglecting electron-hole recombination. In this approximation, Eq. (3) takes up the following form: 
where n n is the electron concentration in i(n)-region beyond SCR layer, where electrons are the majority carriers. At irradiation, when 
As it follows from Eq. (21), at the SCR boundary 
two boundary conditions (14) and (25) can be rewritten in the form of the following two explicit algebraic equations for the coefficients 
4. Short-circuit current collection from i(n)-region of a-Si:H layer Analogous consideration can be made for i(n)-region of a-Si:H layer (region III), where excess holes contribute mainly to the short-circuit current. In diffusion approximation, Eq. (8) takes the following form in this region: 
(32) Like to that of electrons, first boundary condition for excess holes can be written in the form of balance equation for hole fluxes at rear a-Si:H surface (interface) (see Fig. 1 ):
where S d is the surface recombination rate for holes. To write the second boundary condition for excess holes at z = d p +z n , we consider SCR region in the same approximation we have used for electrons in the paragraph 2, i.e. neglecting electron-hole recombination in the SCR layer. In this approximation, Eq. (2) for holes takes the following form:
i.e. the flux of excess holes can be written as
where coefficients 
Similarly to the case of electrons, at equilibrium, when 
A general solution of this equation can be written as
where B p0 and x 0 are two arbitrary constants. Substituting (40) into (38), we obtain following expression for ( ) ( ) 
According to (6) , the flux
so that two boundary conditions (33) and (42) can be rewritten in the form of the following two explicit algebraic equations for the coefficients
Calculating coefficients (44) and (45), we completely determine the hole component of the density of short-circuit current
Calculation of DOS and position of Fermi-level in a-Si:H
In the first approximation, the dependence y(x) in SCR at short-circuit current conditions is close to the equilibrium one, which is realized in dark, when no excess carriers are produced by irradiation in the a-Si:H layer. To calculate y(x) in SCR, first of all we have to determine the energy position of Fermi levels in p + -and i(n)-regions of a-Si:H layer beyond SCR (i.e. in regions I and II). In amorphous silicon a large number of energy levels in the band gap exists even without special doping of material. These levels have different origin and influence substantially the position of Fermi energy level in intrinsic material. They are formed by three main groups of states. The first group is presented by weakbond valence-band-tail states of the donor-like type. If the valence band apex is taken as zero energy level, then the energy distribution of the one-electron states in this group can be approximately described by the following formula:   also can be found (see, e.g. [4, 5] ), the characteristic energy E v0 is a function of temperature,
is the equilibration temperature [1, 2] .
Depending on the quality of a-Si:H material, E v0 can vary from 0.04 up to 0.15 eV at T = 300 K. In our calculations, the value 0 ( *) v E T = 0.056 eV has been used as a parameter to which the value 0 (300 K)
Another group of energy levels in the band gap of a-Si:H material is formed by conduction-band-tail acceptor-like states, energy distribution of which can be approximately described by the analogous formula:
where N ct0 varies within the range from 10 21 to 22 3 1 10 cm eV
Besides, dangling bond defects exist in a-Si:H material, which form deep defect states in the a-Si:H band gap [1, 2] . The density of these states is dependent on the position of the Fermi level in the band gap due to specific microscopic reactions involving hydrogen [1, 2] .
These microscopic reactions lead to formation of deep defect states from weak-bond band-tail states (47). As it follows from the formulae (20) and (25) 
where N SiSi is approximately equal to 23 -3
2 10 cm  and defines the total number of electrons in silicon bonding states (four electrons per Si atom), N H is the total concentration of hydrogen in a-Si:H material (N H is close to 21 -3 5 10 cm  at hydrogen content [H] = 10 at.%), P(E) is the defect-pool function (normalized to the unity energy distribution function of potential defect sites in a-Si:H material, from which deep defect states can be formed with the energy E), P(E) is usually taken as Gaussian:
where  is the pool width and E p is the most probable potential defect energy. According to Powell and Deane [1, 2] ,  can be determined from the experimentally measured energy separation  = 0.44 eV between the doubly occupied defect state and empty defect one;
is the defect electron correlation energy accounting for electron interaction in negatively charged defects, when the second electron is placed on the defect; E p = 1.27 eV in material with the band gap E g = 1.9 eV. As the band gap depends on the hydrogen content in a-Si:H , in our calculations we have used the value ( / 1.9 eV) 1.27 eV
we have used the linear approximation E g = (1.58 + 0.017 [H]) eV, which corresponds to the data of the work [6] . In practice, the coefficient before the hydrogen content [H] can vary from 0.012 up to 0.025 depending on a-Si:H material quality. The total density of dangling bond states is thus expressed as
This density of states includes contributions from neutral, positively and negatively charged defects. If charged defects are accounted in the law of mass action equations, then, following [2] , it is necessary to replace the defect energy E in the integrand in the right-hand side of Eq. (51) with the defect chemical potential
, where 0 ( ) f E is the neutral defect occupation function for amphoteric silicon dangling bonds:
(52) As a result, the density of dangling bond states becomes dependent on the position of the Fermi energy E F in a-Si:H material. Performing integration in (51), the following expression for ( , ) D E T has been obtained in [2] for this case:
All three types of defects can be donor-like, characterized by one-electron transitions of the type (+/0), and acceptor-like, characterized by one-electron transitions of the type ( / 0  ). In accordance with [2] , the density of one-electron acceptor-like states is expressed as ( , , ) ( ln 2, , )
while that of donor-like as ( , , ) ( ln 2, , )
At temperatures T < T*, the densities of defect states do not depend on temperature. During cooling the grown material below T*, they leave "frozen-in", i.e. * ( , , *) ( , , *)
* F E is the Fermi energy calculated at equilibrium temperature T*. Remember that the valence-band-tail characteristic energy E v0 , as pointed earlier, is also a function of temperature, i.e. the value E v0 (T*) = 0.056 eV has to be used at ( , , *)
calculations. Due to participation of the valence band-tail states in deep defect states formation, their density of states becomes depleted, i.e. instead of ( ) vt N E in formula (47), a depleted density of states
57) has to be used in calculations at T > T* and
and if the expression in the right-hand side of the formula (58) becomes lower than zero at T < T*.
In addition to above states always present in intrinsic a-Si:H , the donor and acceptor states introduced by special doping a-Si:H material have to be accounted. If doping of a-Si:H with donors is made (e.g. by phosphorous), the density of donor states often can be characterized by the normal Gaussian distribution of the states on their energy: Analogous Gaussian distribution can be introduced to describe acceptor density of states in the band gap (e.g., when doping a-Si:H with boron atoms is made): 
and
where n A and n D are the concentrations of acceptor and donors far from degraded region in p + -and n-parts of a-Si:H (if i-region is doped additionally by donors), A   and D   are the width of degraded regions at ( ) p i n   junction for acceptors and donors, respectively, erf(z) is the "error function": 
Analogously, the valence band density of states is expressed as
where 0 v N , like to 0 c N , is expressed by the formula (67) with the only difference that instead of electron effective mass m e hole effective mass m h has to be substituted to this formula, m 0 is the free electron mass.
To connect densities of states in conduction and valence bands (66) and (68) with band-tail densities of states (48) and (47), we have to find energies, at which smooth and continuous relation can be made. At these energies
Like to that in the work [4] , from the system of the equations (69) and (70) [7] . It is these effective masses that the values The concentration n c of free electrons in the conduction band for the Fermi level lying inside the band gap is expressed as ( , ) exp
where  c is the effective density of states at the conduction band bottom 
As to free holes in the valence band, their concentration is expressed by the analogous formula:
Now it is possible to write the charge balance equation: g E E T . The value of Fermi energy 1.05 eV has been found from Eq. (77) both at T = 300 K and T* = 500 K in intrinsic a-Si:H , when no special doping is made. In doped a-Si:H , the values of Fermi energy at T = 300 K and T* = 500 K can differ remarkably, depending on the doping level n A (n D ).
Band bending in space charge region at p

+ -i(n) junction in a-Si:H layer
After calculating the Fermi levels 
To find the shape of band bending y(z) in SCR in equilibrium conditions (when irradiation is absent) the corresponding Poisson equation has to be solved for the electrostatic potential. Rewritten in the form of equation for y(x) this equation takes up the following form (Gaussian CGS system of units is used):
where  is static dielectric permittivity of a-Si:H material. A solution of this equation has to satisfy two boundary conditions. At SCR boundary in i(n)-region of a-Si:H , it has tend to zero, while at another SCR 
by subsequent calculation of band bending ( , ) y z T  at T < T*. Fig. 4 demonstrates the calculated band bending in a-Si:H for several types of doping.
Figs. 5 and 6 demonstrate the calculated bending of conduction band (upper curves) and valence band (lower curves) at ( ) p i n   junction in a-Si:H for material with the band gap E g = 1.75 eV (10% hydrogen content).
With the found band bending shape y(z) and determined thicknesses z n of SCR in i(n)-region and z p in p-region, all the integrals in Eqs. (28) and (45) 
Light transmission and reflection in the SC structure
As known from electrodynamics, for electric and magnetic field strengths j E and j H in the monochromatic electromagnetic waves, spreading in the material with the index j ( 1...5 j  , see Fig. 1 ), the following wave equations can be written: 
exp( ) exp( )
are the wave vectors, squares of which are expressed as
As it follows from the boundary conditions at front surface and interfaces inside the structure, in a general case of oblique incidence of monochromatic electromagnetic plane waves onto the front surface of SC, the x-component of the wave vectors (in the plane of incidence) for all electromagnetic waves in all SC layers has to be the same as that in vacuum (air), i. e.
 , where  is the angle of incidence (angle between directions of SC growth and electromagnetic wave propagation in vacuum). Thus, for z-components of electromagnetic waves in the structure the following expression is valid:
,
( , )
Two methods exist to calculate light reflection and transmission in the structure. Both give the same result in the case of ideal homogeneous surfaces and interfaces in the structure. In the first method, multiple reflections of the light at surfaces (interfaces) aren't considered explicitly; i.e. amplitudes of all reflected and transmitted waves are supposed to be already included in the amplitudes at the exponents in Eqs. (82) and (83). In the second method, multiple light reflection and transmission at each surface (interface) in the structure are considered explicitly and total reflection (transmission) of the light is calculated as a result of summation of all the components of reflected (transmitted) light.
To calculate transmission and reflection coefficients, entering Eq. (11) for generation function, it is convenient to shift coordinate origin z = 0 to the front surface of SC, i.e. to surface air/SiO 2 (see Fig. 1 ). Reflection and transmission for two independent polarizations of incident light are calculated below. In spolarization, the electric field in electromagnetic waves is parallel to the SC surface (i.e. only y-components of the electric field are present in s-polarized electromagnetic waves), while in p-polarization the magnetic field is parallel to the SC surface (i.e. only ycomponents of the magnetic field are present in ppolarized electromagnetic waves).
First method for calculation of light reflection (transmission) coefficients
The first method is the well-known Mueller matrix method. The following general expressions for the electric and magnetic fields E y and H x can be written in this case in accordance with the formulae (82), (83) and Maxwell equation
(Gaussian CGS system of units is used) for s-polarized electromagnetic waves in materials 1 to 4 (see Fig. 1 ):
exp[ ]
,3
exp[ Fig. 1 
We didn't account for the light propagating in negative z-direction in expressions (92) and (96), because multiple internal reflections from rear contact are already accounted in the generation function (11) inside a-Si:H layer. Actually, electromagnetic field presentation in the form of (89)- (96) 
The reflection and transmission amplitudes ( ) 
From (101)- (108) 
With the formally introduced virtual thickness d 1 = 0, the expressions (109)-(114) can be rewritten in the following more compact form: 
where * * , 4 4, 4, ,
[ To calculate in this approach the reflection coefficient 4 1 s R  , the electromagnetic field in vacuum should be written in a form that corresponds to a transmitted wave, while in a-Si:H material in the form of incident and reflected waves, i.e. instead of (89) and (93) the following expressions have to be used:
while instead of (92) 
and ,4
correspondingly. Then the following equation relating amplitudes of electric fields in vacuum and in a-Si:H can be obtained: 
[ , the equivalent scheme for calculations by using the "multiple light reflections method" in the "vacuuma-Si:H " structure can be reduced to that shown in Fig. 9 (polarization indices s and p are omitted in the figure and some following formulae to make them more compact). Let F L be the width of finger electrodes at front surface of solar cell (see Fig. 10 ). Then the distance between edges of adjacent finger electrodes in front surface of SC can be expressed as
where m is the degree of the surface metallization by finger electrodes. In the case of oblique incidence of irradiation onto SC with finger electrodes on the front surface, the light transmission 1 4 T  into active a-Si:H region becomes dependent not only on the angle of incidence  (see Fig. 9 ), but on the angle  between the direction along fingers and the projection of light incidence direction onto the surface (dashed line in Fig. 10 ), too.
As it follows from Fig. 10 , the distance between the edges of adjacent electrodes along the in-plane projection of the direction of light incidence
and the width of shadowed finger
, respectively. The scheme in Fig. 9 corresponds to a cross-section of the SC structure by the plane of light incidence. Thus, the distances between the edges of the shadowed finger regions in Fig. 9 
The optical path x d along front surface between two subsequent reflections from this surface of the ray reflected from " a-Si:H -ITO" interface (see Fig. 9 ) can be expressed as 3 3 2 tan( )
Thus, within the distance F L  the multiply reflected (from a-Si:H -ITO interface) ray undergoes 
Let also x = 0 be set at the left edge of the right metallic finger in Fig. 9 . Then, rays incident from vacuum onto the SC surface within intervals 
N internal reflections from the right metallic finger in Fig. 9 
The transmission amplitude 1 4 t  can be expressed as the average of the partial amplitudes (136) 
In 
which coincides with the result of Mueller matrix method. For computer calculations, the formula (139) can be directly used. However, it is possible to obtain an analytical expression for transmission amplitude 1 4 t  that gives practically the same result under numerical calculations. To do this, only lowest order multiple internal reflections of the ray from finger electrodes (actually, reflections from the first finger electrode adjacent to the considered interval of light incidence 0
After the first electrode, all the internal reflections from front surface are considered as those with the reflection amplitude 31 r only. In this approximation, we have instead of (136) and (138) 
respectively. Calculating the sum in (139) with partial amplitudes (141) and (142), the following analytical expression can be obtained for the transmission amplitude 1 4 t  : 
Similar consideration for the electromagnetic waves incident from a-Si:H material onto "vacuum-ITO" structure allows to obtain the following expression for the reflection amplitudes 
r r r r r r r r
The approximate analytical expression for In an extraordinary case of extremely oblique light incidence (when L J probably can turn to zero), latter L J -containing terms in the formulae (139), (143), (145), (146) should be omitted. Thus, in this case reflection and transmission become "homogeneous" (i.e. coinciding with that of Mueller matrix method) like to that in the cases of normal ray incidence or incidence along fingers. The reason is that only rare high order 3m r -terms can possibly enter the total reflection and transmission sums in this case, which practically cannot distort "homogeneous" reflection and transmission, described by first terms in the above formulae.
The reflection coefficients 
Solar radiation spectra
In our calculations, we have used standard solar radiation spectra AM0 corresponding to space conditions outside Earth atmosphere and standard (ASTM G-173) reference solar radiation spectra of sunlight at the Earth surface AM1.5D and AM1.5G (at AM1.5 conditions length of the path of light through the atmosphere is 1.5 times that of the shorter path when the sun is directly overhead) [16] . The spectrum AM1.5D corresponds to direct radiation from Sun and AM1.5G to "global" radiation, which includes both direct and diffuse radiation. These spectra are shown in Fig. 16 .
Solar cell efficiency and other related parameters
To calculate the efficiency and other parameters of a-Si:H solar cells in different time moments, to which different light incidence angles  and "finger-plane of incidence" angles  correspond (see Figs 9 and 10), or to calculate SC parameters averaged over different time intervals (daytime, year, etc.), we have to know solar spectra for arbitrary positions of Sun, i.e. for arbitrary atmosphere masses AM. In principle, it can be done using the data of the work by Christian Gueymard [17] . In the applied FORTRAN program, SC efficiencies and other parameters can be calculated only for the case of normal light incidence onto SC surface for irradiation conditions AM0 and AM1.5. Nevertheless, the general formulae are written below, accounting for possible sand p-polarized parts of incident light in the case of oblique incidence. The total density of short-circuit current, as pointed earlier, can be calculated by summing the contributions from all vanishingly small (i.e. practically monochromatic) parts of solar spectra ( ) I  shown in 
SC parameters in an ideal case of zero internal resistance
In a hypothetic case of ideal SC possessing zero internal resistivity, the power generated by the unit area of solar cell is expressed as 
and the optimal power generated by the unit area of SC as
where ( V V v  , we can calculate all the parameters characterizing SC (using the formulae (174)-(181)) with account for internal series photoresistance and contact grid resistance.
Conclusions
In this paper, we presented a detailed theory of photoconversion in structures based on a-Si:H . Its use helps to illustrate the dependence of the photoconversion efficiency on the key physical parameters and to optimize the value of photovoltaic parameters. This allows to obtain high values of the efficiency of the discussed solar cells.
